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Abstract: This paper presents the optimal design for accelerated life testing (ALT) 

experiments when step-stress plans with Type I censoring are performed. We adopt a 

generalized Khamis-Higgins model for the effect of changing stress levels. It is assumed 

that the lifetime of a test unit follows a Weibull distribution, and both its shape and scale 

parameters are functions of the stress level. The optimal plan chooses the stress changing 

time to minimize the asymptotic variance (AVAR) of the Maximum Likelihood Estimator 

(MLE) of reliability at the use stress level and at a pre-specified time.  
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1.   Introduction 

     In literature, there are a number of articles which have investigated the optimal designs 

for step-stress ALT experiments. To mention a few, Miller and Nelson discussed the 

optimal simple step-stress plans when the lifetimes have an exponential distribution in [1]. 

A rather general scenario was considered and the optimal step-stress ALT plans for any 

log-location-scale distribution were obtained in [2]. On the other hand, specifically 

considering the commonly used Weibull lifetime distribution, Alhadeed and Yang derived 

the optimal stress-changing time for the Khamis-Higgins model with unknown, constant 

shape parameters in [3]; and most recently, optimal simple step-stress ALT design for 

reliability prediction was discussed in [4].  Both of their results are under the assumption 

that the Weibull shape parameter is independent of stress. However, as indicated in [5], 

for many products, the spread of lifetime (or transformed lifetime) is also a function of 

stress. Cox and Oakes pointed out in [6], that the accelerated stress not only affects the 

scale parameter, but the shape parameter of the Weibull distribution as well. Such 

heteroscedastic behaviour in lifetime should be taken into account in the design stage of 

the ALT experiments. The optimal stress changing times were presented in [7], using a 

Weibull lifetime distribution with a non-constant shape parameter, however with a fixed 

scale parameter. 

     In this paper, we revisit the model considered in [4], but assuming both the shape and 

scale parameters of the Weibull lifetime distribution are non-constant. The resulting 

optimal step-stress changing times are different from those derived under consideration of 

a constant scale parameter.  For reader’s convenience, we will briefly state the model with 

its assumptions and the optimization criterion in Section 2. 

2.   Model Assumptions and Optimization Criterion 

     We consider that all  test units are subjected to low stress  until the stress 

changing time , at which the stress is raised to high stress  The test is continued until 
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censoring time , or until all the test units have failed, whichever occurs first. The 

lifetimes of the test units are independent and follow a Weibull distribution:  

 and , 

with scale parameter  and shape parameter , where  represents the number of units 

which fail under . We note that the subscript  corresponds to stress level , and 

 associates to the use, low, and high stress levels respectively. We assume the 

scale parameter  is a log-linear function of stress:  with 

unknown  and  which need to be estimated. We also assume the shape parameter 

is a function of the stress level . We let 

     and . 

     The transformed lifetimes  follow a smallest extreme value distribution with scale 

parameter  and shape parameter  We utilize a generalized Khamis-Higgins model, 

which has been shown to be a special case of step-stress tampered failure rate model in 

[8]. Then the cumulative distribution functions of  become 

,  ; 

. 

The probability density functions of  become 

  ; 

,   

     Let the transformed stress level  and we assume that the shape-stress 

relationship is 

                                          

where , and  is the reciprocal of the squared Weibull shape parameter at the 

use stress level.  

     For such a heteroscedastic model, a function of reliability at time  under the use 

stress level  is 

                           

     With  and the definition of  we have  

as derived in [4]. Due to the invariance property of MLE, the MLE of reliability at time 

 under the use stress level  becomes 
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where  and  are the MLEs of  and . The AVAR of the MLE of reliability at 

time  under the use stress level  is 

, 

where  is the expected Fisher information matrix, and  is defined as  

 

      Let , and  represents the number of units which do not fail by 

censoring time  Then, the likelihood function is  

 

 

 
and the log-likelihood function is 

 

 

                                    
     The expected Fisher information matrix  at the use stress level  can be derived as  

 
where 
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with  and  

3.   Example 

     In this article, we revisit the example presented in [4]. Suppose that a simple step stress 

accelerated life test of cable insulation is run to estimate the reliability at a pre-specified 

time  minutes, under a design voltage of  Two stress levels of and 

 are applied with a censoring time of  minutes.  

     Suppose from a previous experience, or using an estimate from a preliminary test, the 

initial estimates of the parameters are obtained as   and .             

For a possible treatment in the uncertainty of the initial estimates, we can derive the 

optimal robust design by minimizing an average of loss over a neighbourhood of these 

estimates. See [9] for an example of such treatment.  The standardized stress 

the shape-stress relationship is , and we have the MLEs of 

 and  

and  

     In order to obtain the optimal stress changing time , we minimize the AVAR of the 

MLE of the reliability at time  minutes over . A pattern search is used 

to find the time at which the smallest value of  occurs using Maple 14. The 

program outputs the smallest value of   and its corresponding optimal stress-

changing time for the simple step stress accelerated life test. The optimal stress changing 

times are derived for various given  and they are displayed in Table 1. 

Table 1: Optimal Stress-Changing Times for Various  

 

4.   Conclusions 

     The model considered in this paper is more general, which includes the model 

considered in [4] being a special case when . The case of  implies that the 

shape parameters become constant across all stress levels. In our example, the optimal 

stress changing time  increases from 685.6 minutes derived in [4] (for an 

estimated ) to 755.5 minutes obtained in Table 1 (for a previously 

determined ). 

     Since the mean lifetime of the test units is increasing as  increases, there are less 

expected failures at the low stress level.  Raising the stress level at an earlier time would 

allow the test units to fail more quickly as they are subjected to a higher stress level. 

 0 0.1 0.2 0.3 0.4 0.5 1 2 3 5 

Optimal 

 

755.5 711.3 677.8 650.4 627.0 606.5 529.2 432.7 369.5 286.7 
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Therefore, as  increases the optimal stress-changing time  should decrease. In our 

example, such a pattern is observed in Table 1, as expected. 

     In this paper, we study the optimal design for simple step-stress ALT with both 

Weibull shape and scale parameters being non-constant. The parameters involved in the 

scale-stress function are estimated, while the parameters involved in the shape-stress 

function are previously determined. A promising future study would be to construct the 

optimal design so that the simultaneous estimation for all the parameters involved in both 

the scale-stress and shape-stress functions can be as accurate as possible. 

References 

[1] Miller, R. and W. Nelson. Optimum Simple Step-stress Plans for Accelerated Life Testing. 

IEEE Transactions on Reliability 1983; R-32(1): 59-65. 

[2] Ma, H. and W.Q. Meeker. Optimum Step-stress Accelerated Life Test Plans for Log-location-

scale Distributions. Naval Research Logistics: A Journal Dedicated to Advances in 

Operations and Logistics Research 2008; 55(6): 551-562. 
[3] Alhadeed, A.A. and S.S. Yang. Optimal Simple Step-stress Plan for Khamis-Higgins Model. 

IEEE Transactions on Reliability 2002; 51(2): 212-215. 
[4] Fard, N. and C. Li. Optimal Simple Step Stress Accelerated Life Test Design for Reliability 

Prediction. Journal of Statistical Planning and Inference. 2009; 139(5): 1799-1808. 

[5] Nelson, W. Accelerated Testing: Statistical Models, Test Plans, and Data Analyses. New 

York: Wiley; 2004. 
[6] Cox, D.R. and D. Oakes. Analysis of Survival Data. New York: Chapman and Hall/CRC; 

2002. 

[7] Dharmadhikari, A.D. and M. Rahman. Step-stress Accelerated Life Testing for Weibull 

Distribution with Non-constant Shape Parameter. Calcutta Statistical Association Bulletin 

2002; 53(209): 33-51. 
[8] Xu, H. and Y. Tang. Commentary: The Khamis/Higgins Model. IEEE Transactions on 

Reliability 2003; 52(1): 4-6. 

[9] Dette, H. and A. Pepelyshev. Efficient Experimental Designs for Sigmoidal Growth Models. 

Journal of Statistical Planning and Inference 2008; 138(1): 2-17. 
 

Scott Hunt received his M.Sc. degree in Statistics from Brock University in Canada in 2012. He is 

working on his Ph.D. degree in Statistics at the University of Guelph, in Canada. 

 

Xiaojian Xu received her Ph.D. degree in Statistics from the University of Alberta, Edmonton, 

Canada in 2006. Her major field of study is robust statistics and optimal design. She is an Associate 

Professor at Brock University in Canada. Her current research interests include optimal and robust 

designs for accelerated life testing, robust estimation for reliability engineering. 

 


